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Abstract: For an integer m > 1, a combinatorial manifold M is defined to be 
a geometrical object M such that for Yp € M , there is a local chart (Up, yp) en- 
able pp : Up > B”a J B"2 U---U B™® with B41 NB®2 N- Bo + 
Ø, where B"'s is an nj,-ball for integers 1 < j < s(p) < m. Integral theory 
on these smoothly combinatorial manifolds are introduced. Some classical re- 
sults, such as those of Stokes’ theorem and Gauss’ theorem are generalized to 
smoothly combinatorial manifolds in this paper. 
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§1. Introduction 


As a localized euclidean space, an n-manifold M” is a Hausdorff space M”, i.e., 
a space that satisfies the Tọ separation axiom such that for Vp € M”, there is an 
open neighborhood U,,p € Up C M” and a homeomorphism p : Up > R”. These 
manifolds, particularly, differential manifolds are very important to modern geome- 
tries and mechanics. By a notion of mathematical combinatorics, i.e. mathematics 
can be reconstructed from or turned into combinatorization(([3]), the conception of 
combinatorial manifold is introduced in [4], which is a generalization of classical 
manifolds and can be also endowed with a topological or differential structure as a 
geometrical object. 

Now for an integer s > 1, let n1,2,---,n, be an integer sequence with 0 < nı < 


Ng < -+> < ms. Choose s open unit balls By, By?,---, BY, where () B” # 0 in 
i=1 


7 S ? 
R™t2t-ns. A unit open combinatorial ball of degree s is a union 


s 


B(ny,ng,-++,Ms) = (Jer. 


i=1 


Then a combinatorial manifold M is defined in the next. 


Definition 1.1 For a given integer sequence ni, no,::*, Nm; Mm > 1 with 0 < nı < 
Nz < +++ < Nm, a combinatorial manifold M is a Hausdorff space such that for 
any point p E M, there is a local chart (Up, pp) of p, i.e., an open neighborhood 
U, of p in M and a homoeomorphism Pp : Up > B(mi(p),no(p), + *,s(p)(p)) with 


{ni (p), n2(p), eg Ns(p)(P) F C {n, N2377, Nm} and U {ni(p), n2(p), piace Ns(p)(P) F = 


pEM 
{ni n2,- Nm}, denoted by M(n1,n2,--+,%m) or M on the context and 


A = {(Up, ¥p) |p € M (n1, n2,- ,nm))} 


an atlas on M (m, N2, **-, Nm). The mazimum value of s(p) and the dimension S(p) 
s(p) wes 

of (\ Bi are called the dimension and the intersectional dimensional of M (n1, na, 
i=1 
-, Nm) at the point p, respectively. 


A combinatorial manifold M is called finite if it is just combined by finite man- 
ifolds and smooth if it can be endowed with a C% differential structure. For a 
smoothly combinatorial manifold M Bs a point p € M, it has been shown in [4] 


that dimT,M (n, N2, `", Nm) = S(p) + (ni—S(p)) and dimT* M (m, N2, Nm) = 


S(p) + ace — 3(p)) with a basis 
- a s(p) ni 
Miss UÙ Ü tgal isis 
or ka 
s(p) ni 
{azi p} < j < S0 UU U {dap |1< 7 < 5} 
i=1 j=3(p)+1 


for a given integer h,1 < h < s(p). Denoted all k-forms of M (ni, na,- , Nnm) 


3(p)-s(P)SD)F LI mi 
by A‘(M) and A(M) = a) A*(M), then there is a unique exterior 
k=0 


differentiation d: A(M) > A(M) such that for any integer k > 1, d(A*) c A**1(M) 
with conditions following hold similar to the classical tensor analysis([1}). 


(i) d is linear, i.e., for Yg, Y € A(M), AER, 


dlp + AW) = dp Aw + Ad 
and for y € A¥(M), € A(M), 


d(p Aw) = dp + (-1)8p A dy. 
(ii) For f € A°(M M), df is the differentiation of f. 
(iii) @=d-d=0. 
(iv) dis a local operator, i.e., if U C V C M are open sets and a € A*(V), then 
d(alv) = (da)|v. 


Therefore, smoothly combinatorial manifolds poss a local structure analogous 
smoothly manifolds. But notes that this local structure maybe different for neigh- 
borhoods of different points. Whence, geometries on combinatorial manifolds are 
Smarandache geometries(|6]-[8]). 

There are two well-known theorems in classical tensor analysis, i.e., Stokes’ and 
Gauss’ theorems for the integration of differential n-forms on an n-manifold M, 


which enables us knowing that 
I dw = f w 
M aM 


for aw € A"-1(M) with compact supports and 


[ (ivxyn= i: ixn 


for a vector field X, where ix : A*t!(M) — A*(M) defined by ixw(Xı, X2, -, Xp) = 
w(X, Xi, e, Xp) for w € A**1(M). The similar local properties for combinato- 
rial manifolds with manifolds natural forwards the following questions: wether the 
Stokes’ or Gauss’ theorem is still valid on smoothly combinatorial manifolds? or if 
invalid, What are their modified forms for smoothly combinatorial manifolds?. 

The main purpose of this paper is to find the revised Stokes’ or Gauss’ theorem 
for combinatorial manifolds, namely, the Stokes’ or Gauss’ theorem is still valid for n- 
forms on smoothly combinatorial manifolds M if n € #4, where #7 is an integer 
set determined by the smoothly combinatorial manifold M. For this objective, 
we consider a particular case of combinatorial manifolds, i.e., the combinatorial 
Euclidean spaces in the next section, then generalize the definition of integration on 
manifolds to combinatorial manifolds in Section 3. The generalized form for Stokes’ 
or Gauss’ theorem can be found in Section 4. Terminologies and notations used in 
this paper are standard and can be found in [1] — [2] or [4] for those of manifolds 
and combinatorial manifolds respectively. 


§2. Combinatorially Euclidean Spaces 


As a simplest case of combinatorial manifolds, we characterize combinatorially eu- 
clidean spaces of finite and generalize some results in eucildean spaces in this section. 


Definition 2.1 For a given integer sequence ny, na,- 11; Tm,m 2 1 with O < ny < 
Ng < +++ < Nm, a combinatorially eucildean space R(Nni,---,Nm) is a union of 
m Pe m 
finitely euclidean spaces |] R™ such that for Yp € R(n, :--, Nnm), p E NQ R™ with 
i=l i=1 
m 
M = dim(() R™) a constant. 
i=1 


By definition, we can express a point p of R by an M X Nm coordinate matrix [z] 
following with zë = z for l1<i<m1<Il<mM. 
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x x x 
N gel a.. g g+) x22 0 
a= Sus aes 

gm... gmm grm+t) nml yMMNm 


For making a combinatorially Euclidean space to be a metric space, we introduce 
inner product of matrixes similar to that of vectors in the next. 


Definition 2.2 Let (A) = ae and (B) = (bij)mxn be two matrixes. The inner 
product ((A),(B)) of (A) and (B) is defined by 


B)) = >D Qijbij. 
uj 


Theorem 2.1 Let (A),(B),(C) bem x n matrizes and a a constant. Then 
(1) (A,B) = (B, A); 

(2) (4+ B,C} = (A, C)+48,0); 

(3) (aA, B) =a (B, A); 

(4) (A, A) > 0 with equality hold if and only if (A) = Omxn- 


Proof (1)-(3) can be gotten immediately by definition. Now calculation shows 
that 


= Sa >0 
tJ 


and with equality hold if and only if a;; = 0 for any integers 7,j7,1 <i <m,1<j < 
n, namely, (A)=Omxn 4 





Theorem 2.2 (A),(B) be m x n matrizes. Then 


((A), (B))” < ((A), (A)) (B), (B)) 


and with equality hold only if (A) = A(B), where à is a constant. 


Proof If (A) = \(B), then (A, B}? = X? (B, BY? = (A, A) (B, B). Now if there 
are no constant A enabling (A) = A(B), then (A) — A(B) Æ Omxn for any real 
number A. According to Theorem 2.1, we know that 


) 
i 


Therefore, we find that 


A = (—2A)’ — 4 ((B), (B)) 2 0, 


namely, 


Corollary 2.1 For given real numbers aij, bij, 1 <i <m,l <j <n, 


2 tigba) < oy aD be): 





Let O be the origin of R(n, +- , Nm). Then [O] = Omxnm,- For Yp, q € R(n, Nm), 
we also call Op the ve vector e to the point p similar to classical euclidean 
space, Then på = Oq- -— Op. Theorem 2.2 enables us to introduce an angle between 
two vectors pg and wt for points p,q, u,v € R(n,- Daal’ 


Definition 2.3 Let p,q,u,v € R(n, -++,Mm). Then the angle 0 between vectors på 
and ut is determined by 


(p] = lal, lu] = le) 
Lp] — lal, fel — lal) (tel — [e], lu] — fe) 


with the condition 0 <0 <r. 


cos @ = 


Corollary 2.2 The conception of angle between two vectors is well defined. 


Proof Notice that 


([p] — [a], lu] — le)? < (p) — lal, [p] — fal) Cu] — lo], [u] — fe) 
by Theorem 2.2. Thereby, we know that 


3 (el — lal, lu] — fo) A 
~ V d la) e — Pe — Pe) 


Therefore there is a unique oer 0 with 0 < 0 < 7m enabling Definition 2.3 hold. b 
For two points re 4 in m i . ee the distance d(p, q) between points p and q 


is defined to be v/ (| . We get the following result. 


Theorem 2.3 For a given integer sequence Ny,N2,°++,N%m,m > 1 with 0 < ny < 
Ng < -++ < Mm, (R(n, *--, Nm); d) is a metric space. 


_ Proof We only need to verify each condition for a metric space is hold in 
(R(ni, ++, Nnm); d). For two point p,q E R(n1,---,m), by definition we know that 


d(p,q) = v (lp] — lal, [p] — lal) 2 0 
with equality hold if and only if [p] = [q], namely, p = q and 


d(p,q) = v (lp] — lal], Ip] — lal) = v (lal — [p], lal — (pl) = d(q, p). 


Now let u € R(n, -++,Mm). Then by Theorem 2.2, we find that 


+ {{ul — lal, [u] — lal) 
> (P| — [u], [p] — (el) + (lel — lu], [u] — fal) + <u] — lal, fed — Lal) 
= ([p] — [a], [p] — lal) = 4°(p, 4) 
Whence, d(p, u) + d(u, p) > d(p,q) and (R(n1,---, nm); d) is a metric space. 4 


§3. Integration on combinatorial manifolds 


We generalize the integration on manifolds to combinatorial manifolds and show it 
is independent on the choice of local charts and partition of unity in this section. 


3.1 Partition of unity 


Definition 3.1 Let M be a smoothly combinatorial manifold and w € A(M). A 
support set Suppw of w is defined by 


Suppw = {p € M; w(p) £ 0} 


and say w has compact support if Suppw is compact in M. A collection of subsets 
{Ciji € I} of M is called locally finite if for each p € M, there is a neighborhood Up 
of p such that U, N Ci = except for finitely many indices i. 


A partition of unity on a combinatorial manifold M is defined in the next. 


Definition 3.2 A partition of unity on a combinatorial manifold M is a collection 
{(U;, gili € I}, where 


(1) {U;|i € I} is a locally finite open covering of M; 
(2) gi € X (M), gi(p) > 0 for Vp € M and suppg; € U; for i € T; 
(3) For pe M, X g:i(p) = 1. 


We get the next result for the partition of unity on smoothly combinatorial 
manifolds. 


Theorem 3.1 Let M be a smoothly combinatorial manifold. Then M admits par- 
titions of unity. 


Proof For YM € V(G[M}), since M is smooth we know that M is a smoothly 
submanifold of M. As a byproduct, there is a partition of unity {(U%1, gla € Im} 
on M with conditions following hold. 

(1) {Ușa € Im} is a locally finite open covering of M; 

(2) g& (p) = 0 for Vp E€ M and suppg%, E€ Us, for a € Im; 

(3) For pe M, > gi (P) =f: 


By definition, for Yp € M, there is a local chart (Up, [Pp]) enable pp : Up — 
Bra [J B® U---U B's with Bra N B% N- -N B= 40. Now let Uo UM? 


-n UM, r be s(p) open sets on manifolds M, M € V(G[M]) such that 


s(p) 
peus=(Jun,. (3.1) 
h=1 
We define 


S(p) = {U; | all integers a enabling (3.1) hold}. 
Then 
A= (J Síp) = {UZ la € T(p)} 
peM 


is locally finite covering of the combinatorial manifold M by properties (1) — (8). 
For VUş € S(p), define 


ous =), 2, ([] 9) 


S21 {i1yi2,-4és}C{1,2,-,8(p)} h=1 
and 
ug 
gue = 2. 
P N Ds oF 
VeS(p) 
Then it can be checked immediately that {(U;’, gue) |p € M,aé I(p)} is a partition 
of unity on M by properties (1)-(3) on gi; and the definition of gue. 4 


Corollary 3.1 Let M be a smoothly combinatorial manifold with an atlas A = 
{(Va,[Ya])]a € I} and ta be a C! tensor field, k > 1, of field type (r,s) defined 
on Va for each a, and assume that there exists a partition of unity {(U;, gi)|i € J} 


subordinate to A, i.e., for foralli € J, there exists a(i) such that U; C Vaq- Then 
forVp € M, 


t(p) = > Jitali) 


is a C* tensor field of type (r,s) on M 


Proof Since {U;|t € J} is locally finite, the sum at each point p is a finite sum 
and t(p) is a type (r,s) for every p € M. Notice that t is C* since the local form of 
t in a local chart (Vay, [Paciy]) is 


` Gita), 
j 


where the summation taken over all indices j such that Vai) N Vag) Æ Ø. Those 
number j is finite by the local finiteness. h 
3.2 Integration on combinatorial manifolds 


First, we introduce integration on combinatorial Euclidean spaces. Let R(n, <>, Nm) 
be a combinatorially euclidean space and 


T: R(m,--+, 2m) > R(n,---,%m) 


a C! differential mapping with 


= [yman = [7 (["”]) maxim 
The Jacobi matriz of f is defined by 


Oy] 
Di > lAa), 
ðr" 


where Alka) (uv) = Orar: 


Now let w € TP(R(n1, ++, Nm)), a pull-back T*w € TR(R (n1, +, Nm)) is defined 
by 


T*w(a1, a2, +, ap) = w(f (a1), f(a2),---, F(ak)) 


for Vai, a2,- +- , ak € R. 


Denoted by n = X n;— mm. If0 < l < n, recall([4]) that the basis of 
i=1 


A(R (n1, +, nm)) is 


{fe Ae® An Aetia <i <n} 


for a basis e1, e2,- -- , €» of R(n1,---, nm) and its dual basis e!,e2,---,e”. Thereby 
the dimension of A! (R(n1, -+ , nm)) is 


a 


Whence A”(R(n1,---,nm)) is one-dimensional. Now if wo is a basis of A”(R), we 
then know that its each element w can be represented by w = cwo for a number 
CER. Let 7: R(n,---,%m) > R(n1,-++,%m) be a linear mapping. Then 


Ms 


1 


Gs, 


lI 
m 


ni — Mm — 1)! 
(7 


T: AP (Rm, s Mm) > A" R(n,- m) 


is also a linear mapping with T*w = cT*wo = bw for a unique constant b = detr, 
called the determinant of 7. It has been known that ([1]) 


detr = det( a 
olz] 
for a given basis e1,e2,---,e, of R(ni,---,nm) and its dual basis e!,e?,---,e”, 
where n = $` ni — Mm. 
i=l 
Dennition 3.3 Let R(n, N2,°*+,;M%m) be a combinatorial Euclidean space,n = M + 


Gk —m), Uc R(n, N2,°°+,;Nm) and w € A” (U) have compact support with 
i=l 


w(x) ~ Wi viy) Cin Vin EOE Kee A dahinin 


relative to the standard basis e”,1 < p < Mm,1 < V < Nm of R(n, Nna,- , Nm) 
with e” = e” fori <u <M. An integral ofw on U is defined to be a mapping 
Jo: f > fy f ER with 


fe = [eo [a I] dg (3.2) 
U v=1 U>M+1,1<V<ni 


where the right hand side of (3.2) is the Riemannian integral of w on U. 


For example, consider the combinatorial Euclidean space R(3, 5) with R?NR® = 
R. Then the integration of an w € A®(U) for an open subset U € R(3,5) is 


a=] w(x)dz'dr dr da dr” dr” dr”. 
U Un(R3UR5) 


Theorem 3.2 Let U and V be open subsets of R(ny,--+,Mm) and T : U > V is 
an orientation-preserving diffeomorphism. If w € A"(V) has compact support for 


n= Yon; — mm, then r*w E€ A"(U) has compact support and 


i=l 
[re = fe 


Proof Let w(x) = Weu vg) (unv) IDM" A+++ A datinvin € A"(V). Since T is 
a diffeomorphism, the support of T*w is t~!(suppw), which is compact by that of 
suppw compact. 

By the usual change of variables formula, since T*w = (w o T)(detT)wo by defini- 
tion, where wọ = dz! A--- A dx® A da! ®+D A dat ®+2) A.. A drl™ A-o A da, 
we then get that 


m 


‘i Tw = f (wor)(detr) | Ja” |] a” 


v=] p>M+1,1<v<ny 
fo i 


Definition 3.4 Let M be a smoothly combinatorial manifold. If there exists a family 


{(Ua, [Palla € I)} of local charts such that 


(1) UU.=M; 
ael a 
(2) for Va, 6 € I, either Ua {] Ug = Ú or Ua(\Ug £0 but for Yp € Ua (\ Ug, the 
Jacobi matrix 


det Ps, . 9 





Pa] 
then M is called an oriently combinatorial manifold and (Ua, [Pa]) an oriented chart 
forVa eI. ao 
For a smoothly combinatorial manifold M(n1,---,m), it must be finite by def- 


inition. Whence, there exists an atlas @ = {(Ua, [Palla € T} on M(m,---, tin) 
z s(p) 

consisting of positively oriented charts such that for Va € I, S(p) + $ (n; — 5(p)) is 
i=l 


an constant ng, for Vp € Ua. Denote such atlas on M(m, Nm) by Gy and an 
integer family Hy = {ng,|a € IE 

Now for any integer n € Aq, we can define an integral of n-forms on a smoothly 
combinatorial manifold M(m, e, Nm): 
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Definition 3.5 Let M bea smoothly combinatorial manifold with orientation @ and 


(U; |y]) a positively oriented chart with a constant ng. Suppose w € A”( M), UCM 
has compact support C C U. Then define 


[e- Jed 63) 


Now if Cy is an atlas of positively oriented charts with an integer set Hj, let 
P = {(Ux, Pa: Ja)|a E I} be a partition of unity subordinate to Gy. For Ww € 
A"(M), n E€ H, an integral of w on P is defined by 


fe- E f sow. (3.4) 


The next result shows that the integral of n-forms, n € #7 is well-defined. 


Theorem 3.3 Let M (m, ---, Nm) be a smoothly combinatorial manifold. For n € 
HK, the integral of n-forms on M (ni, -, nm) is well-defined, namely, the sum 
on the right hand side of (3.4) contains only a finite number of nonzero terms, not 
dependent on the choice of 6 and if P and Q are two partitions of unity subordinate 


to Gy, then 
[w= fo 
pe de 


Proof By definition for any point p € M(m, +++,Nm), there is a neighborhood 
Us such that only a finite number of ga are nonzero on Uys Now by the compactness 
of suppw, only a finite number of such neighborhood cover suppw. Therefore, only 
a finite number of ga are nonzero on the union of these Up, namely, the sum on the 
right hand side of (3.4) contains only a finite number of nonzero terms. 

Notice that the integral of n-forms on a smoothly combinatorial manifold M (nı, 


as s(p) 
-+,Mm) is well-defined for a local chart U with a constant ng = S(p) + >> (nm: — 8(p)) 
i=l 


for Vp € U C M(nj,-++,mm) by (3.3) and Definition 3.3. Whence each term on the 
right hand side of (3.4) is well-defined. Thereby fw is well-defined. 


Now let P = {(Ua, Yas Ja)la € T} and Q = {Va peg, hall € J} be partitions of 
unity subordinate to atlas 6y and @~ with respective integer sets #7 and HE. 
Then these functions {gahg} satisfy gahg(p) = 0 except only for a finite number of 
index pairs (a, 3) and 


XOX gaha(p) = 1, for Vp E M (nı, ae , Nm). 
a B 
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Since $` = 1, we then get that 
p 


[= Ef 


2 J / hagati 
EE f oho 


= fot 


Now let n1,72,-++,%m be a positive integer sequence. For any point p € M, 
if there is a local chart (Up, [pp]) such that [pp] : Up > B@UB™U---UB™ 
with B™ (|) B™()---(.) B" # Ø, then M is called a homogenously combinatorial 
manifold. Particularly, if m = 1, a homogenously combinatorial manifold is nothing 


but a manifold. We then get consequences for the integral of (m+ 5>(n;—m) )-forms 
i=1 
on n-manifolds. 


Corollary 3.2 The integral of (M + X` (n; — m))-forms on a homogenously com- 


binatorial manifold M(m1,1no,°++, Nm) is well-defined, particularly, the integral of 
n-forms on an n-manifold is well-defined. 


BR 


Similar to Theorem 3.2 for the change of variables formula of integralin combina- 
torial Euclidean space, we get that of formula in smoothly combinatorial manifolds. 


Theorem 3.4 Let M and N be oriently combinatorial manifolds and T : M—wN 
an orientation-preserving diffeomorphism. If w € A(N) has compact support, then 
T*w has compact support and 

| w = I T*W. 


Proof Notice that suppT*w = T7 *(suppw). Thereby T*w has compact support 
since w has so. Now let {(U;, yi)|i € I T} be an atlas of positively oriented charts 
of M and P = {gili € I} a subordinate partition of unity with constants ny,. 
Then {(7(U;), p; 0 7~4)|i € I} is an atlas of positively oriented charts of N and 
Q = {9,077} is a partition of unity subordinate to the covering {r(U;)|i € T} with 
constants n,(y,). Whence, we get that 


[re = D | are D | eolo) 
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2 foao 7 
2 [ieoor u 


= fu t 


§4. A generalization of Stokes’ theorem 


Definition 4.1 Let M be a smoothly combinatorial manifold. A subset D of M 1s 
with boundary if its points can be classified into two classes following. 


Class 1(interior point Int D) For Vp € IntD, there is a neighborhood V, of p 
enable Vp C D. 


Case 2(boundary ðD) For Yp € OD, there is integers u,v for a local chart 
(Up; [Yp]) of p such that x” (p) = 0 but 


Up D = {qlq € Up, 2 > 0 for V{r, A} # {m v}. 
Then we generalize the famous Stokes theorem on manifolds in the next. 


Theorem 4.1 Let M be a smoothly combinatorial manifold with an integer set AG 
and D a boundary subset of M. Forn € Ay if w € A"(M) has compact support, 


then 
[a= w 
D aD 


with the convention fap w = 0 while OD = 0. 


Proof By Definition 3.5, the integration on a smoothly combinatorial manifold 
was constructed with partitions of unity subordinate to an atlas. Let @7 be an atlas 
of positively oriented charts with an integer set #7 and P= iUa; Yas Jalla € I} 
a partition of unity subordinate to “yy. Since suppw is compact, we know that 


fJ w5 f doa) 
iz = i a 


and there are only finite nonzero terms on the right hand side of the above two 
formulae. Thereby, we only need to prove 
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i d( gaw) = f Jaw 
D OD 
for Va € T. 


Not loss of generality we can assume that w is an n-forms on a local chart (U, vy) 
with compact support. Now write 


w(x) = W(pi, vi) (lin Vin JED KANE ee 


n 
aae 
w = TNN dtii N- A dhihin N- A dxhinYin | 
h=1 


a, 
where dan”n means that dxin”n is deleted, where 


th E {1, cae nu, (1(nv az 1)), Sf ert (1n1), (2(nv + 1)), eke) (2n2), ets (mim) }- 
Then 
dw = 5 O yiio Neee A dabinYin N- A danin, (4.1) 
oxi 


i=1 


Consider the appearance of chart U. There are two cases must be considered. 
Case 1 UNU = 


In this case, fyw = 0 and U is in M \ D or in IntD. The former is naturally 
implies that J d(gaw) = 0. For the later, we find that 


£ Ow; 
dw = J | drra ... atin Yin | 4.2 
[ — Jy Ox" wa 


Notice that ie Gui x" = 0 since w; has compact support. Thus f,dw = 0 as 
desired. 


Case 2 ðU #0 





In this case we can do the same trick for each term except the last. Without loss 
of generality, assume that 


U(\D = {ala € U,2"(q) > 0} 


and 


U( aD = {alq € U,2"(q) = 0}. 
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Then we get that 


eT 


= h-1 Mi Iui, Vi Hin Yi 
= (—1) Wiig, AE Kor A danin Mee Nag 


= yt f Wyunyn da1 N- A dgř’n-1”in-1 
UndD 


since dx"(q) = 0 for q E€ U NOD. Notice that R"-! = OR", but the usual orientation 
on R”! is not the boundary orientation, whose outward unit normal is —e, = 
(0,---,0,—1). Hence 


| w = — i; is (aru yo chin Mint 0) dati we dglin-1"in-1 , 
~ nen 
oD 


On the other hand, by the fundamental theorem of calculus, 


CO 
| ( unva ) qy va we dgin-1” in-i 
R”-1 Jo 
= — f ino ee E glin”in AO) ager tice eae dabin-1¥in-1 
Rr-1 


Since w,,,,v,,, has compact support, thus 


Vin, 


i Ww = — i, WtinUn (xri one gbin Vin ; O)dg”i”’ Jae dxbin-1¥in-1 ` 
U Rr-1 
Therefore, we get that 
1 dw = a w 
D aD 
This completes the proof. i 
Corollaries following are immediately obtained by Theorem 4.1 


Corollary 4.1 Let M be a smoothly and homogenously combinatorial manifold with 
an integer set AZ and Da boundary subset of M. For n € Aq if w € A"(M M) has 


compact support, e 
f dw = i, w 
D aD 


particularly, if M is nothing but a manifold, the Stokes theorem holds. 
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Corollary 4.2 Let M be a smoothly combinatorial manifold with an integer set 


H Forn € Hz, if w E€ A"(M) has a compact support, then 


[w=o. 
M 


Similar to the case of manifolds, we find a generalization for Gauss theorem in 
the next. 
Theorem 4.2 Let M be a smoothly combinatorial manifold with an integer set Hz, 
D a boundary subset of M and X a vector field on M with compact support. Then 


f (vx) = f ixv, 
D aD 


where v is a volume form on M, i.e., nonzero elements in A"(M) for n E€ Hz. 


Proof This result is also a consequence of Theorem 4.1. Notice that 


(divX)v = dixv + ixdv = dix. 
According to Theorem 4.1, we then get that 


ie (divX)v = | iv o! 
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